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We prove that a 2-connected graph of order 9 having maximum valency A 34 is chromatic 
index critical if and only if its valency-list is one of the following: 248, 3247 (except one graph), 
258, 345’, 4356, 26a, 356’, 4267, 45266, 5465, 27’, 367’, 457’, 46276, 52676, 56375, 6574, 57385, 
6386, 627285, 67484 and 7683. This, together with known results, provide a complete catalogue 
of all chromatic index critical graphs of order ClO. 
1. In-n 
Let G be an undirected simple graph with vertex set V(G) and edge set E(G). 
We write uu E E(G) if u, IJ E V(G) are adjacent in G. For convenience, we often 
write UE G to mean that UE V(G) and we also write UVE G to mean that 
uv E E(G). The neighbourhood of u E V(G) is denoted by N(u) and the valency 
(degree) of u in G is denoted by d(u). If H is a subgraph of G, the valency of 
u E V(H) in H is denoted by &(u). We write IGl for the order of G, 0, for the 
null graph of order r, K, for the complete graph of order s, G U H for the union of 
two disjoint graphs G and H, 2G for the union of two disjoint copies of G, n, for 
the number of vertices of valency i in G, e(G) for the size of G and G for the 
complement of G. A near l-factor F of G having odd order II is a set of &(n - 1) 
independent edges of G. 
If v E V(G), we denote by G-v, the induced subgraph of G with vertex set 
V(G)\v. If uv E E(G), we denote by G - uv, the subgraph of G with vertex set 
V(G) and edge set E(G)\uv. If SE V(G), we denote by (S), the induced 
subgraph of G with vertex set S. Thus, for instance, (u, v, w) is the subgraph of G 
induced by the vertex set (u, v, W}E V(G). 
A (proper) colouring T of G is a.mapping from E(G) to {1,2,3, . . .} such that 
no two adjacent edges of G have the same image. The chromatic index x’(G) of G 
is the minimum cardinality of the image set of all possible colourings of G. A 
graph G is said to be k-colouruble if there is a colouring of G with the image set 
U,2, * * * , k). The well-known theorem of Vizing [7] says that if G is a graph with 
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maximum valency A, then either x’(G) = A or x’(G) = A + 1. If x’(G) = A, G is 
said to be of class 1 otherwise G is said to be of class 2. A graph G is said to be 
(chromatic index) critical if G is connected, of class 2 and x’(G - e)< x’(G) for 
any edge e of G. If G is critical and G has maximum valency A, we say that G is 
A -critical. 
Various constructions for critical graphs were given by Beineke, Fiorini, Jakob- 
sen, Wilson (see Chapters 12, 14 and 15 of [3]), Gol’dberg [4] and Yap [&-lo]. In 
particular, Jakobsen [5] has constructed ah 3-critical graphs of order ~10, 
Beineke and Fiorini [l] have constructed all critical graphs of order 7. It has also 
been proved that there are no critical graphs of even order ~10 (see Chapter 15 
of [3D. 
The purpose of this paper is to prove the results as stated in the abstract. We 
begin with 4-critical graphs and end up with f&critical graphs. The degree of 
difficulty for finding the valency-lists of A-critical graphs decreases as A increases 
because each time we use the previous results obtained and because the number 
of cases to be examined decreases as A increases. In the subsequent sections, if v 
is a k -colouring of G and V,, . . . , V, are the colour classes of E(G) with respect 
to m, we always assume that for each f~ x, wTT(f) = i and 1 VI\3 1 V21 a. . * 2 1 Vk I. 
We shall apply VAL (Vizing’s Adjacency Lemma, see [3; p. 72l), its Corollary 
11.3 [3; p. 741, Theorem 6.1[3; p. 371, 10.1, 10.2, 10.3 [3; pp. 67-681, 13.1[3; p. 
851, 13.5 [3; p. 881 (due to Fiorini [2-J) and the following theorems: 
Theorem 1. There does not exist a A (33)-critical graph having a vertex u of 
valency 2, a vertex v ( # u) of valency CA and all other vertices of valency A. 
Theorem 2. If G is a A-critical graph of order A + 1 with minimum valency 6, then 
Sa3(A +2). 
Theorem 3. If there exists a 4-critical graph G such that n4 = 2n2 and n3 = 0, then 
for each vertex x of valency 2 in G, the two vertices adjacent to x must be adjacent. 
Theorem 4. Let G be a A-critical graph of order n and size m. 
(a) If A=5, then ma2n+l. 
(b) If A = 6, then m ai(9n + 1). 
(c) If A = 7, then m a$n. 
Theorem 1 is stated in [8] without proof. Proofs of Theorems 2, 3 and 4 can be 
found in [lo]. 
2. 4-CritM graphs 
We first prove 
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Lemma 1. If G is a A -critical graph of odd order and F is a l-factor of G - x where 
d(x) <A, then G -F has a (A - 1)-critical subgraph H. 
Proof. x’(G - F) = A, otherwise any (A - 1)-colouring of G-F can be extended 
to a A-colouring of G. By the choice of X, the maximum valency of G - F is A - 1. 
Hence G-F is of class 2. Lemma 1 now follows from Theorem 10.3 [3]. ??
We now prove 
Theorem 5. A 2-connected graph G of order 9 is 4-critical if and only if its 
valency -list is either 24’ or 3247, except Graph 1. 
bf. By Theorem 10.2 [3], a critical graph must be 2-connected. Let G be a 
Q-critical graph of order 9 having minimum valency S. 
Suppose 6 = 2. By VAL and Theorem 13.5 [3], n4amax{4, 2n2+ nQ}. If n3 = 0, 
then the possible valency-lists of G are: 2346, 2247 and 24’. If It3 # 0, then the 
possible valency-list of G is 23246. 
Suppose S = 3. By Theorem 13.5 [3], n 3 s n4. Hence 3247 and 3445 are the only 
two possible valency-lists of G. 
By Theorem 1, there are no critical graphs having valency-list 2247. 
Theorem 5 now follows from the following five lemmas. 
Lemnra 2. There no critical graphs having valency -list 2346. 
Proof. Suppose such a critical graph G exists. Let x,, x2 and x3 be vertices of 
valency 2. By VAL, N(q) nN(x,) = 8, i # j. Let N(q) = {yl, yz), N(x2) = {z,, z2}, 
N(x3) ={wl, WA. By Theorem 3, y1y2, z1z2, wlw2e G. 
Let T be a 4-colouring of G -xlyl. Since e(G -x1 yl) = 14, two of the four 
colour classes VI, . . . , V,, say V, and V2, of G -xlyl with respect to v must be 
of cardinality 4. Hence G-x1 has a l-factor F = VI so that A(G - F) = 3 and 
x’(G - F) = 4 and by Lemma 1, G -F has a 3-critical subgraph H. 
Suppose IHI = 9. There is only one 3-critical graph of order 9 having three 
vertices of valency 2 [3; p. 771. It is obvious that this graph cannot be extended to 
a graph having valency-list 2346 by adding four independent edges. 
Suppose II-II = 7. By the catalogue given in [3; p. 961, HE G - x2- x3, say. Hence 
H = G-x2- x3- y1y2 and so F c E((x2, x3, yl, y2)) which is impossible. 
Suppose IHI = 5. Then e(H) = 7 (see [3; p. 921). Since H has only one vertex of 
valency 2, therefore we may assume that x2, x3 $ V(H). Then e(H) s 15 - 4 - 5 = 6 
which yields a contradiction. Cl 
Lemma 3. There are no critical graphs having valency-Eist 23246. 
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Proof. Suppose such a critical graph G exists. Then e(G) = 16. Let x, y, z E V(G) 
be such that d(x) = 2, d(y) = d(z)=3 and let x1, x2 be the neighbours of x. By 
VA& Y, z 6 WI) u W2). 
Let 7~ be a 4-colouring of G-e where e E E(G) and let VI, . . . , V, be the 
colour classes of E(G - e) with respect to 7~. Then 1 V1l = 1 V21 = 1 V,l = 4 and 
IV..I=3+ 
We first prove that yzq! E(G). Suppose otherwise. Then x, y, z are the only 
vertices of G- yz having valency ~4. Hence, in the above colouring 7r of G-e 
where e = yz, colour 4 is not present at all these three vertices. But then T can be 
extended to a 4-colouring of G, contradicting the hypothesis. 
Next, we consider the above T colouring of G - e where e = zw. Without loss of 
generality, we may assume that colours 3 and 4 do not occur at x; colours 1 and 4 
do not occur at z ; colour 2 does not occur at w ; colour 4 does not occur at y. 
Then F= X1 forms a near l-factor of G and G-F has valency-list 1237. By 
Lemma 1, G-F has a 3-critical subgraph H. It is obvious that IIfI # 9 and since 
there are no critical graphs of even order ~10, IHI = 7 or 5. 
Suppose IH] =7. Then H has valency-list 236 (see [3; p. 96n. Let Y = 
V(G) - V(H). Then x E Y. Let E be the set of edges of G in fi and B be the set 
of edges of G joining H with Y. Then 2 s IEI s 3. Suppose J = (V(H)). If IEI = 2, 
then the deficiency xacH (d(a)-d,(a))<3. Hence IBls3 and e(G)<10+2+3= 
15 which is false. Similarly, if IEI = 3, it is easy to get a contradiction. 
Suppose IHI = 5. Then H is the graph given in Diagram 1 (see [3; p. 921). 
Again, let Y, E, B and J be defined as above and let I = (Y). Then x E Y and 
e(l)<5. Also, since IHI = 5, IEI 62. 
Case 1: IEI = 2. In this case, the deficiency CaeH (d(a) -dJ(a))s2 and since G 
is 2-connected, IBI = 2. Thus x, y, z E Y. Now e(l) = 16- (7+ 2+ 2) = 5 which is 
easily seen to be contradicting VAL. 
Case 2: IE)=l.Inthiscase,18(~4and]BI>16-(7+1+5)=3. Wethenhave 
two possibilities. 
(i) IBI=3, e(I)=5. 
(ii) IBI=4, e(1)=4. 
In case e(l) = 5, x1, X~E Y and thus each of the vertices in (Y-x) are of valancy 
4, contradicting the fact that IBI= 3. In case e(1) = 4, at least one of x1 and x2 
must belong to Y and it follows that ]BI a 5 which is false. 
Case 3: IEI = 0. This case can be settled similarly. 0 
Lemma 4. Any 2-connected graph G having valency-list 248 is critical. 
Proof. If G is not critical, it contains a 4-critical subgraph If of order 7 or 5. 
We now prove that G cannot contain a 4-critical subgraph of order 7 or 5. 
Suppose the graph K is obtained from G by deleting two vertices. The number of 
vertices of valency 4 in K ~4. But a 4-critical graph of order 7 has valency-list 
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either 246 or 3*4’ [3; p. 961. Hence G cannot contain a 4-critical subgraph of 
order 7. 
Finally there is only one 4-critical graph of order 5, namely KS - e [3; p. 921. 
But KS - e cannot be extended to a graph of order 9 having valency-list 248. Cl 
kmma 5. T’here are no critical graphs having valency -list 3445. 
Proof. Suppose such a critical graph G exists. Let X = {x, y, u, v} be the set of 
vertices of valency 3 and let K = (X). If K = 04, then there is at least one vertex z 
of valency 4 adjacent to three or more vertices in X which is prohibited by VAL. 
Again, by VAL, it is clear that K = K2 U O2 or 2K2. Hence we ay assume that 
xy~G. 
Let z be of valency 4 and adjacent to u. Let rr be a 4-colouring of G - uz and 
let VI, . . . , V4 be the four colour classes of G - uz with respect to T such that 
Iv+ * .a]V41. Since e(G-uz)=lS, we have IV11=lV21=lV,(=4 and IV,]=3. 
It is clear that x’(G - Vi) = 4 for each i = 1,2,3,4. We note that the valency-list 
of G - uz is 23444 and that for each i = 1,2,3, there is exactly one vertex of 
valency ~4 in G - uz at which colour i is not present. 
We now show that there is i = 1,2 or 3 such that G - Vi is of clans 2 and cannot 
be 3-critical. From this it follows that for some i = 1, 2 or 3, G - Vi has a 
3-critical subgraph H of order 7 or 5. We will finally prove that this is not possible 
and hence there are no critical graphs having valency-list 3445. 
Applying the fact there is only one 3-critical graph of order 9 and size 12 (see 
[3; p. 77]), we can prove that there is i = 1, 2, or 3 such that G - Vi is of class 2 
and cannot contain a 3-critical subgraph of order 9. Hence, for some i = 1,2 or 3, 
G - Vi contains a 3-critical subgraph H of order 7 or 5. From now on, we write F 
for this particular Vi. 
Suppose IH] = 7. Let V(G)\V(H) = { vl, ~2). In this case, the valency-list of H is 
236 (see [3; p. 96-J). Since F is a near l-factor of G, F has at least two but not 
more than three edges in 2% Let B be the set of edges joining V(H) with {q, vd. 
Then I~Is16-(10+2)=4 and min{d(v1),d(v2)}~2 which is false. 
Suppose ]HI = 5. Then H is the graph given in Diagram 1. Let Y = V(G)\V(H) 
and let I = (Y). We note that since G is connected, J = (V(H)) # KS. Also, since 
G is 2-connected, Jf KS-e otherwise Y = X and e(1) = 5, contradicting the fact 
that (X) = K2 U O2 or 2K2. Suppose J = KS -{e,, eJ where e, and e2 are indepen- 
dent. Then by examining the valency-list of J, we know that 2 < m s 4 where m is 
the number of edges joining V(H) with Y and 4 G n = e(1) < 6. If m = 4, then all 
the vertices in V(H) are saturated, i.e., of valency 4 and thus Y = X which is 
impossible because e((X)) < 2 while e(( Y)) = 4. If m = 3, then n = 5. It follows 
that Y has a vertex z of valency 4 joining to three vertices of valency 3 in Y, 
contradicting VAL. If m = 2, then n = 6 and G is one of the two graphs given in 
Diagram 2. However, both these graphs are 4-colourable. 
Suppose J = K5 -{el, e2} where e, and e2 are not independent. Then again 
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Diagram 1. 
@P Y H d 
Diagram 2. 
2 < m 6 4 and 4~ n ~6. Similar to the previous case, we can show that m # 4,3. 
Suppose m = 2, then n = 6 and G is the graph given in Diagram 3. However, this 
graph is also 4-colourable. 
Finally, suppose J = If. Then there are four independent edges joining V(H) 
with Y because F c E(G)\E(H). Hence in this case 4 s m e 6 and 3 s n s 5. If 
m=6,thenn=3andY=Xwhichisfalse.Ifm=5,thenn=4andGhasthree 
vertices of valency 3 in Y. Let z E Y be of valency 4. By VAL, dr(z) = 2, I = (Y) 
and (Y-z) = P3, a path on three vertices, contradicting the fact that (X) = 
K2 U O2 or 2K,. If m = 4, then n = 5 and G has two vertices of valency 3 in Y. In 
this case, it is clear that the four edges joining V(H) with Y constitute F. Hence it 
is not diflkult to see that G must be the graph given in Diagram 4. However, this 
graph is 4-colourable. 
The proof of Lemma 5 is now complete. 0 
Lemma 6. Any 2-connected graph G having valency -list 3247, except Graph I, is 
critical. 
Proof. The size of G is 17>4[9/2]. Hence, by Theorem 6.1[3], G is of class 2. If 
G is not critical, then by Theorem 10.3 [3], G contains a 4-critical subgraph H. 
By the previous results, the order of H cannot be 9. Since there is no critical 
graph of even order ~10, the order of H is either 7 or 5. 
If If is of order 7, then the valeny-list of H is either 246 or 3245 [3; p. 961. But 
any graph H having valency-list 246 or 3=4’ cannot be extended to a graph having 
valency-list 3247. 
. 
H Y m -\ / 
Diagram 3. 
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Diagram 4. 
Next, there is only one 4-critical graph of order 5 and it can be extended in a 
unique way to a graph (Graph 1) of order 9 having valency-list 3247 as shown in 
Diagram 5. 0 
Lenuna 7. Let G be a A-critical graph of odd order n having size aA$(n - 3)+ 
S(G)+ 1. Then for every x E V(G) such that d(x) = 6(G), G-x has a l-factor F. 
Proof. Let el be an edge incident with x. Let 7r be a A-colouring of G - e, and let 
VI,..., Va be the colour classes of E(G-e,). Assume that IVIl>...alV”l. 
Sincee(G-e,)~At(n-3)+6where6=6(G),)V,I=-..=IVsl=~(n-1).Nowat 
least one of the colours 1, . . . , S$ Cm(x) because lCY(x)j = d(x)- 1 = 6 - 1. The 
result follows by taking F = Vi, if i$ C,(x), i s 6. Cl 
Open Problem. Is it true that if G is any A-critical graph of odd order, then for 
each x E V(G) such that d(x) = 6(G), G--x has a l-factor F? 
Lemma 8. Let G be a 5-critical graph of order 9 and let x E V(G) be such that 
d(x) = 6(G). Then G-x has a l-factor. 
Proof. By Theorem 4 and Theorem 13.1 [3], 19se(G)s21. Lemma 8 follows 
from Lemma 7 when e(G)>20 or when 6(G)<3. Now if 6(G) = 4, then by 
VAL,, n5 2 3 and the valency-list of G is either 4554 or 4356. Thus e(G) 2 20 and 
again Lemma 8 follows from Lemma 7. Cl 
Theorem 6. If G is a 5-critical graph of order 9, then e(G)= 21. 
Proof. We shall prove that e(G) # 19 or 20. Suppose k(G) ~20. By Lemmas 8 
Diagram 5. Graph 1. 
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and 1, for some vertex x of valency 6(G), G -x has a l-factor F such that G -F 
has a 4-critical subgraph H. By well-known results, IHI # 8,6. By the previous 
result on 4-critical graphs of order 9, ]HI # 9. Hence IHI = 7 or 5. 
Suppose IHI = 7. Then the valency-list of H is either 246 or 3245 (see [3; p. 961 
and e(H) = 13. Let {q, va = V(G)\V(H). 
Suppose 21~2)~~ G. Then by Theorem 10.1[3], d(v,)+d(v,)~7. Thus there are at 
least five edges joining {v,, v,} with V(H). Moreover, F has at least two edges in 
fi Hence e(G) 2 13 + 2 + 5 + 1 = 21, contradicting our original assumption. Hence 
we may further assume that v1v25! G. 
It is clear that F has at least two but not more than there edges in fi. Suppose F 
has only two edges in il. If e(G) = 19, then d(v,) + d(v2) = 19- (13+2) = 4 and so 
d(q) = 2 = d(v,); if e(G) = 20, d(q)+ d(v2) = 5 and so d(q) = 2 and d(v,) = 3. 
Hence, in Lemma 8, we can choose x = vl. But then F must have three edges in 
J?, contradicting our original assumption. This shows that F has three edges in B 
However, after adding three independent edges to H, the number of vertices of 
valency 5 in Hs 4. Hence v1 and v2 can only be joined to ~3 vertices in H and so 
d(q) + d(v2) s 3 which is impossible. 
Suppose IHI = 5. Then H = KS - u1u2, ul, u2 E V(H) (see [3, p. 92J) and e(H) = 
9. Let B be the set of edges joining V(H) with 2 = V(G)\V(H) and let I = (2). 
Suppose u1 u2 E G. Then IB I s 5. Applying VAL, we can prove that IBI# 5. Now 
4alJBIs19-(10+5)=4 implies that (Bl=4. Thus 5ae(l)<6. We can then 
prove that e(1) = 5 and e(1) = 6 contradict VAL. Full proof is omitted. 
Suppose u1u2$G. Then FrB. Now FsG-x and FcB imply that XEH. 
Hence a(G)23 and IBIs6. If 6(G)=3, we may assume that d(u,)=3 and 
x = ul. Then G is a subgraph of the graph given in Diagram 6. However, it is easy 
to verify that the graph in Diagram 6 is 5-colourable. If 6(G) = 4, then IBI s6 and 
e(1) =4, 5 or 6. But if e(1) = 6 then lBl~5 which contradicts VAL. Hence 
16sC,,,d(a)s5~2+6 showing that IBI=6, e(l)=5 and d(u)=4 for each QEI. 
But then 2 has a vertex b adjacent to a vertex c E 2 (having valency 4) and b is 
adjacent to only one vertex of valency 5, contradicting VAL. Cl 
Corollary 1. A 2-connected graph of order 9 is 5-critical if and only if its 
valency-list is one of the following: 25*, 3457 or 4356. 
Proof. By Theorem 6, if G is a 5-critical graph of order 9, then the valency-list is 
either 25’ . 34S7 or 4356. 
H 
Diagram 6. 
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The converse is also true because G is of class 2 and it cannot contain a proper 
S-critical subgraph. 0 
4.6-aMcal graphs 
Lemma 9. Let G be a A-critical graph of odd order n having size aAi(n - 3) + 2. 
Then G has a vertex y of vaEency CA such that G - y has a l-factor F. 
Proof. Let x E G be such that d(x) = 6(G) and let xz EE(G) where d(z) = A. 
Suppose m is a A-colouring of G - xz. Let VI, . . . , V, be the colour classes of 
E(G-xz) such that {VII* - - - ~1V~j. Since e(G-xz)*A$(n-3)+1, 
IV11 =$(n- 1). N ow if colour 1 E C,(z), then F = VI is a l-factor of G-y for 
some y E V(G) having valency <A. Otherwise, by interchanging the colours 2 and 
1 in the (2, l),-chain having initial vertex z, we reduce it to the previous case. Cl 
Corollary 2. Let G be a 6-critical graph of order 9. Then G has a vertex y of valency 
<A such that G-y has a l-factor F. 
Proof. By Theorem 4 and Theorem 13.1 [3], 21se(G)s25. Corollary 2 now 
follows from Lemma 9. 0 
Theorem 7. If G is a 6-critical graph of order 9, then e(G) = 25. 
Proof. We shall show that e(G) 2 25. Suppose e(G) < 24. By Corollary 2 and 
Lemma 1, there is y E V(G) having valency <6 so that G - y has a l-factor F 
such that G-F is of class 2 and hence has a S-critical subgraph H. By now it 
should be obvious that IEII # 6, 8, or 9. Hence IHI = 7. The valency-list of H is 
either 2Sj, 345’ or 4354 (see [3; p. 961) and so e(H) = 16. Let {q, v2)= 
V(G)\V(H). It is now also clear that v1v2 6 G. (see the third paragraph of the 
proof of Theorem 6.) 
We know that F has at least two but not more than three edges in I?. Suppose F 
has only two edges in g. Then d(v,)+d(v,)se(G)-(16+2)=e(G)-18. Let 
d(v,)<d(v,). Hence if e(G)s24, d(v,)s3. We now show that for each WE 
V(H), d(w)a4. 
Let H have valency-list 345’. Assume z E V(H) is such that d,(z) = 3 and 
d(z)=3. Then the total deficiency zWEH (d(w)-d,(w))<7-4=3 which is im- 
possible. The case that the valency-list of H is 256 can be similarly disposed of. 
The above shows that v1 and v2 are the only possible vertices of valency 6(G). 
Hence, by Lemma 7, G-v1 has a l-factor F, unless e(G) = 21. However, if 
e(G)=21, then d(v,)+d(v,)S21-(16+2)=3 which is not true. On the other 
hand, if F is a l-factor of G - vl, then F has three edges in fi, contradicting our 
original assumption. 
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Finally, suppose F has three edges in fi. Then the total deficiency 
CwEH (d(w)- &(w))s4 and so G has only two vertices q and o2 each having 
valency 2, contradicting Theorem 1. Cl 
Corollary 3. A 2-connected graph of order 9 is 6-critical if and only if its 
valency-list is one of: 26’, 3567, 4267, 45266 and 5465. 
Proof. The proof is similar to that of Corollary 1. 0 
5. 7xkitical graphs 
Lemma 10. Let G be a 7-critical graph of order 9. Then G has a vertex y having 
valency <A such that G-y has a l-factor F. 
Proof. By Theorem 4 and Theorem 13.1 [3], 23se(G) ~29. Lemma 10 now 
follows from Lemma 9. Cl 
Thewem 8. If G is a 7-critical graph of order 9, then e(G) = 29. 
Proof. The proof is similar to (in fact easier than) that of the proof of Theorem 8, 
and is omitted. Cl 
Corollary 4. A 2-connected graph G of order 9 is 7-critical if and only if its 
valency-list is one of: 27’, 3677, 4577, 46276, 52676, 56375 and 6574. 
Proof. This follows from Theorem 8 and the fact that there are no critical graphs 
of order 8. Cl 
6. 8=Crit&l graphs 
Lemma 11. Let G be an 8-critical graph of order 9 and let x E V(G) be of valency 
6(G). Then G-x has a l-factor F. 
Proof. If G’ = G-x does not have a l-factor, then by Tutte’s theorem, V(G’) 
has a subset S such that ISi < h = number of odd components of G’- S. Now since 
IG’l is even, ISI and h must be of the same parity. Also, since It8 2 3 (by Corollary 
11.3 [3]), lS(a3 and h 25. Hence ISI = 3 and h = 5. However, this implies that 
G c K4 + 05, the sum of K4 and 05. Hence S(G) s 4. Applying Corollary 11.3 [3) 
again, we have It8 3 6 which contradicts the fact that ISI = 3. Cl 
Theorem 9. If G is an 8-critical graph of order 9, then e(G) = 33. 
Chromatic index critical graphs of order 9 33 
Proof. By Lemmas 11 and 1, G has a vertex x of valency 6(G) so that G--x has 
a l-factor F such that G-F contains a 7-critical subgraph IT. Now the order of H 
must be 9. However, by Theorem 9, le(H)j = 29 and thus e(G)*29+4= 33. 
Theorem 9 now follows from Theorem 13.1 [3]. 0 
Remarks. Theorem 9 has been confirmed by a recent result of Plantholt [6]. 
Corolky 5. A grah of order 9 is 8-critical if and only if its vakncy-list is one of: 
57385, 6386, 627285, 67484 and 7683. 
Proof. This follows from Theorems 3 and 9. 0 
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